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Dynamical behavior and future singularities of f(R, T,RµνT
µν) gravitational theory are investi-
gated. This gravitational model is a more complete form of the f(R, T ) gravity which can offer new
dynamics for the universe. We investigate this gravitational theory for the case f = R + αRµνT
µν
using the method of autonomous dynamical systems and by assuming an interaction between mat-
ter and dark energy. The fixed points are identified and the results are consistent with standard
cosmology and show that for small α, the radiation dominated era is an unstable fixed point of the
theory and the universe will continue its procedure toward matter era which is a saddle point of
the theory and allows the evolution to dark energy dominated universe. Finally the dark energy
dominated epoch is a stable fixed point and will be the late time attractor for the universe. We
also consider future singularities for the two f = R + αRµνT
µν and f = R + αRRµνT
µν cases
and for w = 0,
1
3
, 1 and −1. Our results show that for the case of f = R + αRµνTµν , the future
singularities of the universe will happen in the same condition as do for the Einstein-Hilbert FRW
universe. However, a new type of singularity is obtained for f = R + αRRµνT
µν that is captured
by t→ ts; a→ as; ρ→∞; and |p| → 0.
I. INTRODUCTION
Recent observational data from Type I Supernova and CMB are the most important evidences confirming accelerated
expansion of our universe[19–21, 34]. Two mechanisms may be invoked to explain this expansion. The first is based
on the assumption of the existence of “dark energy” within the framework of General Relativity (GR) with a negative
pressure in which the equation of state p/ρ < 0 holds, where ρ represents the energy density and p is the pressure
of the universe. On the other hand , observation has revealed that w = p/ρ is slightly less than −1, which refers to
the phantom dark energy universe [13, 22, 24, 35, 47]. There is another type of dark energy called quintessence and
expressed by the equation of state w = p/ρ > −1.
Many different forms of dark energy has been proposed in the literature, but it is still an exotic form of energy
with many ambiguities surrounding it. Thus, it is getting more popular in the cosmology studies to explore modified
gravitational theories as alternatives to dark energy. The most popular modifications to the GR theory are f(R),
f(R, T ) and f(T ) theories [2, 4, 10, 11, 25, 28, 29, 31, 38, 40–42, 46] in which R is the Ricci scalar and T is the trace
of energy-momentum tensor. Other types of generalizations have also been investigated over the past decades with
different purposes from applications in cosmology as alternatives to the dark energy, to modifying the early universe
dynamics to remove the big bang singularity.
One of the known extensions to GR theory is the familly of gravitational theories called f(R, T ) theory which
includes non-minimal couplings between matter and curvature. The recent book by Harko and Lobo contains a very
good introduction for these theories and their motivation and applications [27].
Different properties of f(R, T ) gravitational theory has been studied and explained during the past decade [26, 27,
29, 36, 37, 44]. It is known that there exist f(R, T ) gravitational models that can explain the cosmological epochs and
the late time accelerated universe [42]. In addition it is possible to explain the observational scale depended growth
of scalar perturbations for sub-hubble limit in this theory [1]. However, in case of traceless energy-momentum tensor
(T = 0), the field equations of f(R, T ) theory will reduce to that of f(R) theory. Therefore all the non-minimal
couplings between matter and geometry will disappear. This reason makes a motivation to suggest a more general
coupling between matter and geometry as RµνT
µν where Rµν and T
µν are Ricci tensor and energy- momentum
tensor, respectively. Including such a coupling in a gravitational theory will keep the non-minimal coupling between
matter and geometry even in the case of T = 0. For instance, this feature is important when the electromagnetic
tensor is included in the matter Lagrangian. f(R, T,RµνT
µν) theory is one of the recent proposals for modified
gravitational theories and was first proposed as an extension for Horˇava-Lifshitz theory with dynamical Lorentz
symmetry breaking[3, 23, 27, 39, 43, 45].
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2Odintsov and Sa´ez-Go´mez have studied the stability of matter part of the theory, the natural occurrence of ΛCDM ,
the reproduction of de-sitter universe where the non-constant fluid is present, and the conditions to satisfy the
continuity equation.
Almost simultaneously another group studied this theory using another approach [23]. The authors purposed
f(R, T,RµνT
µν) gravity as an extension for f(R, T ) gravitational theory.
They studied the extra force due to the coupling between matter and Ricci tensor, on the moving massive particle
in this gravitational theory. They also investigated the cosmological implications of the theory for both conserved
energy-momentum tensor and the non-conserved one, the stability and the Newtonian limit of the theory. Other
aspects of f(R, T,RµνT
µν) gravitational theory have been studied in literature [3, 43, 45].
Generally different non-minimal matter-curvature coupling in a theory allows for energy exchange between these
two sectors. If the coupling is between the scalars such as R and T , we can inspire new dynamics associated with
scalar part. In the case of f(R, T,RµνT
µν) theory the coupling between matter and curvature is in tensorial part
so potentially there would be new dynamics, new mechanism for late time acceleration and new types of future
singularities for the universe. It is what motivates us here to study the dynamical behaviors and future singularities
of this theory.
It is expected for dynamical behavior of a proposed gravitational theory to keep the time ordering of standard
cosmology epochs in which there is a radiation dominated epoch followed by a matter domination era and finally
a dark energy universe. To study the dynamics of this theory, the field equations of f(R, T,RµνT
µν) theory are
considered using the autonomous dynamical system method [6, 7, 9, 12, 30, 32, 42, 48]. We first find the fixed
points of the theory for the universe that contains radiation, matter and dark energy. Studying the stability of these
fixed points, we show that this gravitational theory can keep the time ordering and the stability of the different
cosmological epochs.
We also investigate two special case of the theory for the four different conditions of w = −1, w = 1/3, w = 1, and
w = 0 representing dark energy, radiation, high cosmological energy density, and dust matter universe, respectively,
to check the future singularities of the universe. It is interesting to investigate different classifications of the future
singularities in modified gravities because it makes an opportunity for us to understand the properties and weak
points of different gravitational theories. This will help us to classify the behaviors and singularities of extended
gravitational theories and to introduce viable consistent models. In general, the singularities of the universe are
defined by divergence or vanishing of certain cosmological parameters such as: Hubble parameter H, scale factor
a(t), energy density ρ, or pressure p.
Our results show that, although for small matter-curvature coupling and small interaction between matter
and dark energy, the dynamical evolution of the present model is compatible with the standard cosmological
expectation, the universal classification of the singularities can not be hold in this theory. The reason is a new type
of singularity that is predictable for the future of the universe which is described by this gravitational theory.
This paper is organized as follows. The f(R), f(R, T ) and f(R, T,RµνT
µν) theories are reviewed briefly in Section
II. In Section III, we investigate the f(R, T,RµνT
µν) theory using the autonomous dynamical system method. In
Section IV, the future singularities of f = R+αRµνT
µν are studied for the different cases of w = −1, 0, 1
3
, 1. Section
V investigates the future singularities for the case f = R + αRRµνT
µν to discover a new type of singularity. Finally
section VI presents some numerical analysis of this theory using Cosmographic parameters to find the values of free
parameters of this theory.
II. f(R, T,RµνT
µν) GRAVITY
This section describes the general features of the f(R), f(R, T ) and f(R, T,RµνT
µν) gravitational theories. In
these theories, the action is a function of the Ricci, Ricci scalar and energy momentum tensor, thus in the presence
of matter is written as follows [9]:
I =
∫
d4x
√−g
[f(R)
2κ
+ Lm
]
, (1)
where, κ = 8piG, Lm is the matter Lagrangian density and g is the determinant of the metric. Variation of Eq. (1)
3with respect to the metric yields the equation of motion as follows:
κTmatterµν = f
′(R)Rµν − 1
2
gµνf(R) + gµνf ′(R)−∇µ∇νf ′(R). (2)
We assume a flat isotropic space time with the following FRW metric:
ds2 = −dt2 + a2(t)γijdxidxj , (3)
where, a(t) is the scale factor and γijdx
idxj = dr2 + r2dΩ2 is the spatial part of the metric. The field equations of
the action in Eq. (1) then turn to the following form:
H2(t) =
κ
3f ′(R)
(ρ+ ρc), (4)
H˙ =
−κ
2f ′(R)
(ρ+ p+ ρc + pc), (5)
in which, the Hubble parameter is H(t) =
˙a(t)
a(t) ; p and ρ are matter pressure and energy density, respectively; and pc
and ρc are curvature pressure and curvature energy density, respectively.
f(R, T ) gravity is an extension to f(R) theory where T is the trace of energy-momentum tensor, and the non-
minimal coupling between matter and geometry is included in the theory [25]:
S =
1
2κ
∫
f (R, T )
√−g d4x+
∫
Lm
√−g d4x. (6)
Varying the action in Eq.(6) with respect to the metric, we will have the field equation of f(R, T ) as bellow:
fR (R, T )Rµν − 1
2
f (R, T ) gµν + (gµν−∇µ∇ν) fR (R, T ) =
8piTµν − fT (R, T )Tµν − fT (R, T ) gαβ δTαβ
δgµν
. (7)
It is obvious that for T = 0, we will regain the f(R) gravity field equation and all the non-minimal matter-eometry
coupling will disappear.
This is why we need to introduce a more general form of f(R, T ) theory with a non-minimal coupling between matter
and geometry in tensorial sector, and can be addressed as f = f(R, T,RµνT
µν), where R is the Ricci Scalar, Tµν
represents the energy-momentum tensor, and T = Tµµ , the action can be written as follows [23, 39]:
S =
1
2κ
∫
d4x
√−g f(R, T,RµνTµν) +
∫
d4x
√−g Lm. (8)
Using action in Eq.(8), one can obtain the general field equations consistently as bellow:
(fR − fRTLm)Gµν + [fR + 1
2
RfR − 1
2
f + fTLm +
1
2
∇α∇β(fRTTαβ)]gµν −
∇µ∇νfR + 1
2
(fRTTµν) + 2fRTRα(µT αν) −∇α∇(µ[Tαν)fRT ]
−(fT + 1
2
fRTR+ 8piG)Tµν − 2(fT gαβ + fRTRαβ) ∂
2Lm
∂gµν∂gαβ
= 0. (9)
The dynamical behavior and the pressure and energy density of the universe may now be checked using the filed
equations thus obtained from Eq.(9).
The most general form of the Lagrangian which can be described by Eq. (9) is of the form R + aT + bRT + cR2 +
dRµνT
µν . But as we are interested in studying the effect of the coupling between matter and geometry on the
singularity and dynamics of the theory, we will isolate the terms including this coupling to have control on their
impacts on the dynamics of the theory.
We investigate the cases knowing that the energy-momentum tensor is not conserved in this gravitational theory.
It should be noted that in vacuum our theory is equivalent to general relativity. Therefore this theory is consistent
with the results obtained by LIGO (GW170817 and GRB170817) [18].
4III. DYNAMICAL ANALYSIS OF f = R+ αRµνT
µν MODEL
The dynamical system analysis have been applied to different modified gravitational theories, such as f(R) and
f(R,G) theories [14, 17, 33] which contain curvature invariants. Here in our model, instead of having further curvature
invariants, matter and curvature are coupled to each other as an invariant. In this section, we study the autonomous
dynamical systems for the f = R + αRµνT
µν model where, α is a constant. Assuming f = R + αRµνT
µν in the
action, and using Eq.(9), the field equations are given as follows [23]:
Gµν + α
[
2Rσ(µT
σ
ν) −
1
2
RρσT
ρσgµν − 1
2
RTµν − 1
2
(
2∇σ∇(νTσµ) −Tµν −∇α∇βTαβgµν
)
−GµνLm − 2Rαβ ∂
2Lm
∂gµν∂gαβ
]
− 8piGTµν = 0, (10)
where for isotropic and homogeneous FRW universe, the cosmological field equations will be obtained as bellow:
3H2 =
κ
1− αρρ+
3
2
α
1− αρH(ρ˙− p˙), (11)
2H˙ + 3H2 =
2α
1 + αp
Hρ˙− κp
1 + αp
+
1
2
α
1 + αp
(ρ¨− p¨). (12)
where, ρ = ρm + ρr + ρd and p = pm + pr + pd and for α = 0, we regain the standard Friedmann equations. The
indices r, m, d stand for radiation, matter, and dark energy, respectively. Conservation of the energy-momentum
tensor does not hold for f(R, T,RµνT
µν) gravity and the explicit continuity equation reads as follows:
d
dt
(ρm + ρr + ρd)
+3H(ρm + ρr + ρd + pm + pr + pd) = 0. (13)
A. The set of dynamical equations
For a dynamical system analysis of this theory, Eq. (13) needs to be simplified. Hence, the following relations are
assumed:
ρ˙r + 3H(ρr + pr) = 0,
ρ˙m + 3H(ρm + pm) = −Q, (14)
ρ˙d + 3H(ρd + pd) = Q.
Eq. (14) assumes that Q represents the interaction between matter and dark energy and that energy Q is exchanged
between typical matter and dark energy. This causes the dark energy portion of the universe to increase as the matter
decreases in the universe. It is clear from Eq. (14) that Q has a dimensions of ρ˙ or Hρ. Thus, terms like Hρm, Hρd,
or a combination thereof maybe substituted for Q. For our present purpose, we choose Q = γHρm, where γ is a
constant. Assuming that ωr =
1
3 , ωm = 0, and ωd = −1, the continuity equations will take the following forms:
ρ˙r + 4Hρr = 0,
ρ˙m + 3Hρm = −γHρm, (15)
ρ˙d = γHρm.
Using Eq. (15), the dimensionless parameters may be defined as follows:
5Ωm =
κρm
3H2
,
Ωr =
κρr
3H2
,
Ωd =
κρd
3H2
, (16)
x = αρm,
y = αρr,
z = αρd.
The Eqs. (11)-(12) in terms of the dimensionless variables will become:
1 = Ωr + Ωm + Ωd +
1
2
(x(γ − 1) + −2
3
y) + z,
x =
yΩm
Ωr
,
z =
yΩd
Ωr
, (17)
and:
H˙
H2
=
A1
B1
, (18)
where
A1 = Ωr(−16 + 24Ωr + 3Ω2m(3 + γ2) +
Ωm(34Ωr − 3(3 + Ωr)γ + 3(−1 + Ωr)γ2) +
Ωd(−8Ωr + 3Ωm(−6 + γ(3 + γ))),
B1 = 12Ω
2
d + Ωr(8− 12Ωr) + 3Ω2m(−3 + γ) +
Ωm(3− 21Ωr + +3(1 + Ωr)γ) + Ωd(3Ωm(1 + γ)).
It is obvious that the variables x and z depend on y. It is now possible to construct the autonomous dynamical
system using the continuity equations in (15) and the Eqs in (16), (17). Thus we will make the derivatives of the
variables with respect to the number of e-folding as follows:
dΩm
dN
= (−3Ωm − γΩm)− 2Ωm H˙
H2
,
dΩr
dN
= (−4Ωr)− 2Ωr H˙
H2
,
dΩd
dN
= γΩm − 2Ωd H˙
H2
,
dx
dN
= (−γ − 3)x,
dy
dN
= −4y,
dz
dN
= γx, (19)
where, N =
∫
Hdt. These equations describe the dynamics of the energy portions of the universe. Considering
Eqs. (11), (12) and (15) and the dependency of x and z to y (Eq. 17), we conclude that only two variables out of
the seven variables, Ωm, Ωr, Ωd, x, y, z,
H˙
H
, are independent. So it is needed to find the two independent ones. To
6obtain the two independent variables, we should notice that as x and z are have dependency to y, we may just keep
y as independent one. From the Eqs. (17) and Eq. (18), y and
H˙
H2
can be written in terms of three other ones. Thus
up to here we have three variables that we should omit one of them. To achieve this purpose the derivative of the
first equation of Eqs. (17) is considered by replacing dΩrdN ,
dΩd
dN and
dΩm
dN from Eqs. (19). Now we can freely choose
the two of them as independent variables. Here we take Ωm and Ωr as independent ones. So we will have Ωd as a
function of Ωr and Ωm:
Ωd = 1− Ωm − Ωr. (20)
Thus replacing Ωd by Eq. (20),the equations for
dΩm
dN and
dΩr
dN would be:
dΩm
dN
= −3Ωm − Ωmγ − A2
B2
, (21)
dΩr
dN
= −4Ωr − A3
B3
, (22)
where:
A2 = (2Ωm(9Ω
2
m − 18Ωm(1− Ωm − Ωr)− 16Ωr +
34ΩmΩr − 8(1− Ωm − Ωr)Ωr + 24Ω2r −
3Ωm(3− 3(1− Ωm − Ωr) + Ωr)γ)),
B2 = (3Ωm + 8Ωr + 3(−3Ω2m + Ωm(1− Ωm − Ωr) +
4(1− Ωm − Ωr)2 − 7ΩmΩr − 4Ω2r + 2Ωmγ),
A3 = 2Ωr(9Ω
2
m − 18Ωm(1− Ωm − Ωr)− 16Ωr
+34ΩmΩr − 8(1− Ωm − Ωr)Ωr + 24Ω2r −
3Ωm(3− 3(1− Ωm − Ωr) + Ωr)γ)),
B3 = (3Ωm + 8Ωr + 3(−3Ω2m + Ωm(1− Ωm − Ωr) +
4(1− Ωm − Ωr)2 − 7ΩmΩr − 4Ω2r + 2Ωmγ).
Using the linear dynamical systems theory, one can find the fixed points of the theory. However, before we
proceed, it must be noted that the parameter that determine the stability of the fixed points is γ, that is subject
to a constraint that puts boundary on it. As Ωr, Ωm, and Ωd are the energy portions of each energy content of the
universe which should have positive values, we need to select values for γ such that positive values are obtained for
Ωr, Ωm and Ωd. This means that γ can only be a positive constants.
B. Dynamical behavior of the universe by f(R, T,RµνT
µν) theory
Having selected the proper values, we are now in a position to check the fixed points of the theory. Eqs. (21) and
(22) are the main equations for our present purpose. The result of using the linear dynamical system theory shows
that there are three fixed points for our model: (Ωm → 0,Ωr → 1), (Ωm → 1,Ωr → 0) and (Ωm → 0,Ωr → 0) which
are representing a radiation dominated, matter dominated and dark energy dominated universe, respectively. The
first one is where the eigenvalues of the Jacobian matrix are positive so it is an unstable fixed point and represents a
universe that the radiation is dominant in it and will continue its evolution toward another epoch in which the matter
is dominant. The second one (Ωm → 1,Ωr → 0) is a saddle point as expected. Because the universe flux is going
toward this point from one side and leaves it from the other side to the next epoch. The third one (Ωm → 0,Ωr → 0)
is where the dark energy is dominant. Considering the eigenvalues of the Jacobian matrix near this point, we find
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FIG. 1: The behavior of phase trajectories of the system (Eqs.(21) and (22)) onto the phase plane (Ωm,Ωr) for γ = 0.1, when
we consider Ωm and Ωr as independent variables. The fixed points located on the positive region of the plot are considerable.
The plot shows that Ωm = 0 and Ωr = 1 is an unstable fixed point as the flux is leaving this point toward the matter dominated
fixed point.The point with Ωm = 1 and Ωr = 0 that shows the matter dominated universe is a saddle point. The flux leaves the
radiation dominated universe to reach the matter dominate universe but it is a saddle point and it will continue to the stable
fixed point (Ωm = 0 and Ωr = 0) in which the dark energy is dominated.
that it is a stable fixed point. This stability means that our universe tends to go toward a stable epoch in which the
dark energy is dominant. The stability of these fixed points are shown in Fig.(1). Also the dynamical behavior of
the system when Ωm and Ωd are considered as independent variables instead Ωm and Ωr, is depicted in Fig.(2). The
results are expected from the cosmological point of view. The standard cosmological model can be summarized as
follows [7]:
inflation → radiation → matter → accelerating expansion
A proposed model should be consistent with at least a part of the standard cosmological model discussed above. This
means that there should exist a saddle matter fixed point or a saddle radiation fixed point, or an accelerated attractor
(or all of them) in the theory.
For the theory presented here, the stability of the dark energy era, and the instability of the radiation and the status
of matter dominated universe era are shown in Figs. (1) and (2) and are compatible with the above description.
IV. SINGULARITIES OF THE f = R+ αRµνT
µν MODEL
A future singularity for the universe is described as a divergence or vanishing of energy density, pressure, scale
factor or Hubble parameter at a finite future time (ts). Although there are some types of singularities which are
defined in an infinite future time. The classification of the singularities is shown in Table I [5, 15].
The occurrence of future singularities in the universe is highly sensitive to the gravitational models. Moreover the
conditions in which the singularities occur may differ in various gravitational theories. Here to explore the future
singularities, we need to solve Eqs. (11) and (12) for ρ and p. Assuming the barotropic index (w =
p
ρ
) to be constant,
one can solve these equations to find an expression for the energy density and pressure of the universe.
We assume H = H0(ts − t)−β in which H0 is the value of Hubble constant at present and is equal to 67.3 ±
1.2km s−1MPc−1 [21], ts represents the time that future singularity occurs and the value of β determines type of the
future singularities, for Einstein-Hilbert action, as in Table II [5, 40].
It is obvious that by setting p = wρ with a constant value of w, we are allowed to check just the occurrence of
singularities of types I, III, and IV. For type II singularity, the energy density is finite but the pressure diverges; it will,
therefor have no constant barotropic index. To simplify the calculations we assume that κ = 1, H0 = 67km s
−1MPc−1,
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FIG. 2: The behavior of phase trajectories of the system onto the phase plane (Ωm,Ωd) for γ = 0.1, when we consider Ωm and
Ωd as independent variables. The fixed points located on the positive region of the plot are considerable. The plot shows that
Ωm = 0 and Ωd = 0 is an unstable fixed point that corresponds to the radiation dominated universe. The flux is leaving this
point toward the matter dominated fixed point. The point with Ωm = 1 and Ωd = 0 that shows the matter dominated universe
is a saddle point. The flux leaves the radiation dominated universe to reach the matter dominate universe but it is a saddle
point and it will continue to the stable fixed point (Ωm = 0 and Ωd = 1) in which the dark energy is dominated. The results
are consistent with that of the Fig.1.
TABLE I: Classification of singularities in the FRW universe.
Type Name time a(ts) ρ(ts) p(ts) p˙(ts) etc. w(ts)
0 Big −Bang(BB) 0 0 ∞ ∞ ∞ finite
I Big −Rip(BR) ts ∞ ∞ ∞ ∞ finite
Il Little−Rip(LR) ∞ ∞ ∞ ∞ ∞ finite
Ip Pseudo−Rip(PR) ∞ ∞ finite finite finite finite
II Sudden Future(SFS) ts as ρs ∞ ∞ ∞
IIg Gen. Sudden Future(GSFS) ts as ρs ps ∞ finite
III F inite Scale Factor(FSF ) ts as ∞ ∞ ∞ finite
IV Big − Separation(BS) ts as 0 0 ∞ ∞
V w − Singularity(w) ts as 0 0 0 ∞
α =
1
5
and ts = 10. It should be noted that for smaller values of α the results are the same, however the time of
singularity occurrence might be different.
In the following subsections, the occurrence of singularities will be explored for, the four cases of w = 1 (matter
dominated universe), w = −1 (dark energy dominated universe), and w = 1
3
(radiation dominated universe), and
w = 0 (dust matter dominated universe) in f = R+ αRµνT
µν model.
TABLE II: Types of future singularities for different values of β.
β Name time a(ts) ρ(ts) p(ts)
β ≥ 1 I ts ∞ ∞ ∞
−1 < β < 0 II ts as ρs ∞
0 < β < 1 III ts as ∞ ∞
β ≤ −1 IV ts as finite finite
9FIG. 3: The energy density ρ, with respect to t for f = R + αRµνT
µν gravitational model with w =
1
3
, α =
1
5
, ts = 10, and
the three choices of β = 2, β =
1
3
, and β = −2.
FIG. 4: The pressure p, with respect to t for f = R+αRµνT
µν gravitational model with w =
1
3
, α =
1
5
, ts = 10, and the three
choices of β = 2, β =
1
3
, and β = −2.
A. Radiation dominated universe
The barotropic index is w =
1
3
, in a radiation dominated universe. Using p =
1
3
ρ in Eqs. (11) and (12) for the
three cases β ≥ 1, 0 < β < 1 and β ≤ −1, we will have two differential equations in terms of ρ and it’s derivatives.
Figs. (3) and (4) present the numerical solutions of these equations representing the behaviors of the pressure and
the energy density of the universe for the three choices of β.
For β = 2, energy density and pressure tend to infinity at ts (i.e., the time we expect a singularity to occur). The
scale factor and the Hubble parameter both diverge at ts. Checking other values of β against β ≥ 1 leads us to the
conclusion that these values of β give rise to a type I singularity. For β =
1
3
(0 < β < 1), the energy density, pressure,
and the Hubble parameter tend to infinity at ts; however, the scale factor is finite. Choosing 0 < β < 1 leads to a
type III singularity. In the case of β < −1, the energy density and pressure have small finite values around ts while
the scale factor, the Hubble parameter, and its first derivative are finite; so, β ≤ −1 yields to a type IV singularity.
10
FIG. 5: ρ (energy density) with respect to t (time) for f = R + αRµνT
µν gravitational model with w = −1, α = 1
5
, ts = 10,
and the three choices of β = 2, β =
1
3
, and β = −2.
FIG. 6: p (pressure) with respect to t (time) for f = R+ αRµνT
µν gravitational model with w = −1, α = 1
5
, ts = 10, and the
three choices of β = 2, β =
1
3
, and β = −2.
B. Dark Energy dominated universe with w = −1
For a dark energy dominated universe with p = −ρ (w = −1) two differential equations are obtained in terms of p
and its derivatives for the three cases of β ≥ 1, 0 < β < 1, β ≤ −1. Numerical solutions of the energy density and
pressure of the universe are depicted in Figs.(5) and (6) for the three choices β = −2, 1
3
and, 2.
The results obtained for the dark energy case and the conditions for each singularity occurrence (w = −1) are
reported in Table III.
TABLE III: Singularities of the dark energy case with w = −1 and β = −2, 1
2
, 2 for f = R+
1
5
RµνT
µν gravitational model.
β a(ts) ρ(ts) p(ts) SingularityType
−2 (β < −1) as finite finite IV
1
3
(0 < β < 1) as ∞ ∞ III
2(β > 1) ∞ ∞ ∞ I
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FIG. 7: p and ρ with respect to t (time) for f = R+ αRµνT
µν gravitational model with w = 1, α =
1
5
, ts = 10, and the three
choices of β = 2, β =
1
3
, and β = −2.
TABLE IV: Singularities of the high cosmological limit for the field equations with w = 1 and β = −2, 1
2
, and 2 for
f = R+
1
5
RµνT
µν gravitational model.
β a(ts) ρ(ts) p(ts) SingularityType
−2(β < −1) as finite finite IV
1
3
(0 < β < 1) as ∞ ∞ III
2(β > 1) ∞ ∞ ∞ I
C. High cosmological density limit of the field equation with w = 1
For the high cosmological energy density limit in the field equations, the universe is viewed such that p = ρ. In
addition , a small value is considered for the constant α so that αρ << 1 and αp << 1. Effecting this approximation
in Eqs. (11) and (12) will yield (23) and (24) below [23]:
3H2 = κρ, (23)
2H˙ + 3H2 = −κρ+ 2αHρ˙. (24)
Fig. (7) illustrates the behaviors of energy dissipation and pressure for β ≥ 1, −1 < β < 0 and β ≤ −1. Table IV
provides the information about the singularity types pertinent to the high cosmological energy density limit.
D. The case of dust matter with w = 0
We now turn to the case in which the density of cosmological matter is very low with p = 0 (w = 0). We assume
again that αρ 1. The approximate forms of Eqs. (11) and (12) will then take the following forms [23]:
3H2 = κρ+
3
2
αHρ˙, (25)
2H˙ + 3H2 = 2αHρ˙+
1
2
αρ¨. (26)
Pressure is equal to zero for a cosmological matter, and only a type IV singularity is expected. It should be noted
that p has an infinite value in the other three cases, as shown in Part II, but p→ 0 in type IV. In this case, the values
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FIG. 8: ρ with respect to t (time) for f = R+αRµνT
µν gravitational model with w = 0, α =
1
5
, ts = 10, and the three choices
of β = 2, β =
1
3
, and β = −2.
of κ, α in Eqs. (25) and (26) may be employed for the case of (β ≤ −1), to obtain the values for ρ from Eq.(25) and
Eq.(26) separately. Fig. (8) illustrates the behavior of energy density for Eqs. (25) and (26).
Clearly, ρ has a finite value around ts so that choosing β ≤ −1 yields a type IV singularity.
It is evident from the diagrams in Figs. (3)-(8), that finite future singularities in the f = R+αRµνT
µν gravitational
model appear to be the same as the Einstein-Hilbert gravity.
V. FIELD EQUATIONS AND SINGULARITIES OF THE f = R+ αRRµνT
µν MODEL
In this Section, we study the cosmological model captured by f(R, T,RµνT
µν) = R + αRRµνT
µν . Replacing this
function in the action Eq. (1) and assuming pressure to be equal to zero (dust matter) for the matter filled universe,
the following field equation obtained:
[
1 + α(RαβT
αβ −RLm)
]
Gµν + α
[
(RαβTαβ) +∇α∇β(RTαβ)
]
gµν −
α∇µ∇ν(RαβTαβ) + 1
2
α(RTµν) + 2αRRα(µTαν) − α∇α∇(µ
[
RTαν)
]
−
(
1
2
αR2 + 8piG
)
Tµν − 2αRRαβ ∂
2Lm
∂gµν∂gαβ
= 0. (27)
Assuming the FRW metric the cosmological field equations will take the form as bellow [23]:
− 3H2 + ρ+ α(18HH¨ρ+ 18HH˙ρ˙+ 54H2H˙ρ−
9H˙2ρ+ 27H3ρ˙+ 27H4ρ) = 0, (28)
− 2H˙ − 3H2 + α(6...Hρ+ 12H¨ρ˙+ 36HH¨ρ+
6H˙ρ¨+ 54HH˙ρ˙+ 48H2H˙ρ+ 15H˙2ρ+
9H2ρ¨+ 30H3ρ˙− 9H4ρ) = 0. (29)
As for the dust matter, the barotropic index is equal to zero. Solving Eqs. (28) and (29) for the energy density
will yield two differential equations for ρ that must be equal to each other. This equality gives us a unique equation
which can be solved numerically and the behavior of the energy density of the universe in this model will be the
one shown in the Fig.(9). The parameter β = −2 corresponds to the case that predict a type IV singularity in the
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FIG. 9: ρ with respect to t (time) for f = R+ αRRµνT
µν gravitational model with w = 0, α =
1
5
, ts = 10, and β = 2.
FRW universe with an Eintein-Hilbert action for the future of the universe (in which, the scale factor, the Hubble
parameter, the pressure, and the energy density are nearly zero while also the Hubble parameter’s higher derivatives
diverge at the time of singularity, ts). This is while in the cosmological model studied above revealed that in here,
for β = −2, the energy density of the universe is going to diverge at the time of singularity while the scale factor, the
Hubble parameter, and the pressure still remain to be nearly zero. To resolve this, a new type of singularity with the
following properties may be introduced:
t→ ts, a→ as, ρ→∞, and |p| → 0 (β ≤ −1). (30)
For the other values of β and barotropic index, the behaviors of the energy density and the pressure of the universe
are the same as those described at the beginning of Sec. IV.
VI. COSMOGRAPHIC STUDY
In this section we are going to do some numerical studies on f = R+αRµνT
µν model using cosmographic parameters.
In this method the main idea is to determine the value of the free parameters of a certain gravitational theory using
the derivatives of scale factor[8]. The cosmographic parameters are defined by derivatives of the scale factor as follows:
H(t) =
a˙(t)
a(t)
(31)
q(t) =
−1
a(t)
a¨(t)H(t)−2 (32)
j(t) =
−1
a(t)
...
a (t)H(t)−3 (33)
s(t) =
−1
a(t)
....
a (t)H(t)−4 (34)
l(t) =
−1
a(t)
a(t)(5)H(t)−5 (35)
m(t) =
−1
a(t)
a(t)(6)H(t)−6 (36)
which are Hubble, deceleration, jerk, snap, lerk and m parameters, where their present values are known observation-
ally as H0,q0,j0,s0. To determine the free parameters (ρr, ρm, ρd, α and γ), in a way that they are compatible with
observation, we must take the following path [8]:
1. The first Friedmann equation should be written in terms of scale factor and its derivatives (Eq. (11)).
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Parameter H0 q0 j0 s0
Best fit 74 −0.48 0.68 −0.51
Mean 74 −0.48 0.65 −6.8
2 σ (68, 72) (−0.5,−0.38) (0.29, 0.98) (−1.33,−0.53)
TABLE V: cosmographic parameters using the data from SNIa Hubble diagram ,BAO and H(z) [16].
Parameter Ωm Ωd α γ
value 0.11 0.6 8× 10−5 (−5, 0.4)
TABLE VI: Free parameters of the theory using cosmographic parameters obtained from the SNIa Hubble diagram ,BAO and
H(z) data sets.
2. Using the conservation equations in Eqs. (15) to replace the time derivatives of energy densities as a function
of the scale factor.
3. Making derivatives of the first Friedmann equation as many times as the number of free parameters.
4. Replacing the derivatives of scale factor with cosmographic parameters (H0, q0, j0, s0).
5. Solving the obtained equations for the free parameters.
6. Find the values of the free parameters.
Here, we have five free parameters to be determined: ρr, ρm, ρd, α and γ, which for the first three we will find their
present values. Note that the current value of radiation energy density (ρr) is much lower than the other components
of energy densities, so we neglect its present value in our calculation. Therefore, the first three derivatives of
Friedmann equation is required for the procedure.
We use the sets of data for cosmographic parameters [16] and solve the algebraic equations for ρm, ρd, α and γ.
At first we use the set of data from SNIa Hubble diagram ,BAO and H(z) in Table V[16] and our results for free
parameters are presented in Table VI. Instead of ρm and ρd, we have used Ωm =
ρm
3H2 and Ωd =
ρd
3H2 in Tables VI and
VIII.
The cosmographic parameters obtaind using the set of data from GRBs Hubble diagram, BAO and H(z) are
presented in Table VII[16], and our results for free parameters are presented in Table VIII.
The results in Tables VI and VIII shows that the f = R + αRµνT
µν model is consistent with the observational
results for matter and dark energy. In addition as expected, cosmographic analysis of this model shows that the
parameters α has a very small value and γ is negative.
VII. CONCLUSION
Different aspects of f(R, T,RµνT
µν) gravitational theory has already been studied in the literature [3, 23, 39, 43, 45].
The results indicate that f(R, T,RµνT
µν) gravity is a consistent reliable cosmological model. In this theory, the late
time acceleration of the universe can be considered as a result of matter-geometry non-minimal coupling.
In this work the method for deriving an autonomous dynamical system for the special case of f = R + αRµνT
µν
was explored to find radiation, matter and dark energy dominated universe in the theory. For this purpose we have
Parameter H0 q0 j0 s0
Best fit 67 −0.14 0.6 −5.55
Mean 67 −0.14 0.6 −5.55
2 σ (66, 73) (−0.15,−0.14) (0.58, 0.62) (−5.7, 6.1)
TABLE VII: cosmographic parameters using the GRBs Hubble diagram , BAO and H(z) data sets [16].
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Parameter Ωm Ωd α γ
Value 0.266 0.65 8× 10−5 (−7,−2.9)
TABLE VIII: Free parameters of the theory using cosmographic parameters obtained from the GRBs Hubble diagram , BAO
and H(z) data sets.
construct an appropriate dynamical system equations which are made dimensionless using H2 as a normalization
parameter. We have assumed an interaction between matter and dark energy by the factor of γ. Autonomous
dynamical system method shows that the system has three fixed points which represent radiation, matter and dark
energy dominated respectively. It was also found that while the fixed point for radiation dominated was unstable for
γ = 0.1, Ωr = 1,Ωm = 0, matter dominated one was of the saddle and that transition from the radiation era to the
matter one was possible. Finally, it was observed that the dark energy dominated era was a stable fixed point for
Ωr = 0, and Ωm = 0 and positive γ. These results are depicted in Figs. (1-2).
We also studied the occurrence of future singularities of the universe in the f(R, T,RµνT
µν) gravity. In particular,
two forms of this theory (i.e., f = R+ αRµνT
µν and f = R+ αRRµνT
µν) were studied.
The occurrence of the future singularities of the universe are predictable in many gravitational and cosmological
theories such as the standard FRW model. These singularities are described by divergence or vanishing of one or
some of the parameters ρ, p, a,H and higher derivatives of the Hubble parameter. We assume the hubble parameter
as h = H0(t− ts)−β , where β is a constant that can determine the type of singularity which may occur. Efforts were
made in this study to check if the future singularities would occur in the f(R, T,RµνT
µν) theory and if so under
what conditions. Applying the field equations of the first case for the three different values of β and for w = 1,−1, 1
3
and w = 0, revealed that the relationships between the values of β and the types of future singularities were the
same as those under the FRW gravity (Figs. 3, 4, 5, 6, 7, 8). In the case f = R + αRRµνT
µν , however, the study
of field equations and the singularities which might happen in the future of the universe unfolded interesting result.
More specifically, it was found that, for β ≤ −1 and w = 0, which belongs to type IV singularity in the FRW
model, new type of singularity might be assumed to exist in the case of F = R + αRRµνT
µν that was described
by t → ts, a → as, ρ → ∞, and |p| → 0 (β ≤ −1). The reason is the presence of an explicit coupling between
matter and geometry in tensorial part, by the factor of α. The inclusion of the time derivatives of pressure and energy
density due to the coupling between Rµν and T
µν makes the singularity type to be different from those in GR. This
is interesting to find universality classes of the future singularities in modified gravitational theories.
Finally a cosmographic analysis on this theory shows that for the theory to be consistent with observational data α
should be of the order of 10−5 and γ needs to be negative (and about −2.9).
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